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1. INTRODUCTION
In this paper we take certain operators from [2, Chap. 13] to invent an
action of the specialized quantum groups Uqslk on the space of k step
ﬂags of Fn, where F is the ﬁeld of q elements. This action is GLn q
equivariant and in fact a double centralizer theorem is obtained immedi-
ately thereafter. Another approach to a double centralizer theorem between
these objects appears in [3].
Given λ  n (λ is a partition of n) let Mλ be the vector space
spanned, formally, by all the ﬂags Fn = V0 ⊇ V1 ⊇ V2 ⊇ · · · s.t.
dimVi − dimVi+1= λi+1. GLn q acts on Mλ naturally.
Steinberg was the ﬁrst one to observe that Mλ is reduced to irreducible
parts in the same way the vector space spanned by all the Young tableaus
of weight λ is reduced, with respect to the action of the symmetric group
on it [1].
For our direction it is worth identifying Young’s tableau vector spaces
with the space spanned by the tensors vi1 ⊗ vi2 ⊗ · · · ⊗ vn in which vj occurs
λj times. The vi’s are taken from a basis of k. In the last vector space
the Lie algebra slk acts as the derivation’s Lie algebra once Sn elements
permute the vectors in each tensor. These two actions are the subject of
the double centralizer theorem of Schur and Weyl.
Let f = Fn = V0 ⊇ V1 ⊇ V2 · · · be a k step ﬂag. Let us deﬁne two sets
of operators: ψif  =
∑
f ′ summed over f ′ = V0 ⊇ V1 ⊇ · · · ⊇ Vi−1 ⊇
V ′i ⊇ Vi+1, where V ′i ⊂ Vi is of codimension 1; ϕif  =
∑
f ′ summed over
f ′ = V0 ⊇ V1 ⊇ · · · ⊇ V ′i ⊇ Vi+1 ⊇ · · ·, where Vi ⊂ V ′i is of codimension 1.
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The central theorem of [2] claims that an irreducible GLn q compo-
nent Sλ ⊂Mλ (the Specht module) is included in the common kernel of the
ϕi’s we deﬁned. After Uqslk is proved to be generated by those opera-
tors ϕiψi, this says that Sλ is included in the space of Uqslk highest
vectors of weight λ. In fact, equality holds.
In Section 2, we change the operators we deﬁned, add some others, and
by checking each Serre relation prove that the new set generates a homo-
morphic image of Uqslk. The main corollary of Section 2 is the double
centralizer theorem between the quantum group Uqslk and the groups
GLn q, n = 1 2     when acting on the space of k step ﬂags (Theorem
2.11).
In Section 3, in the spirit of Section 2, although it can be read separately,
we develop a version of Casimir’s invariant of Uqslk in its action on the
ﬂag spaces. As a corollary, we get a character formula for the transvections
of GLn q in all the unipotent irreducible representations (Theorem 3.6),
and we prove a monotonous property of the latter characters (Theorem
3.7).
2
The next theorem is taken word-for-word from [2] to serve us in the next
two sections.
2.0. Theorem [2, 3.1]. Let V1 V2 be subspaces of V dimV  = n with
dimV1 = a dimV2 = b, and V1 ∩ V2 = 0. The number of m-dimensional
subspaces W of V s.t. W ∩ V1 = 0 and V2 ⊆ W is qam−b
[
n−a−b
m−b
]
,
r = 1+ q+ · · · + qr−1 r =
r∏
i=1
i
[
h
r
]
= hrh− r 
2.0.1. Corollary. Let UV1 be subspaces of V with V1 ⊆ U dim V1 =
b dimU = c. The number of m-dimensional subspaces W of V s.t. W ∩U =
V1 is qc−bm−b
[
n−c
m−b
]
.
2.0.2. Here is the list of relations for Uqslk (the q Serre relations)
KiK
−1
i = K−1i Ki = 1
KiKj = KjKi
KiejK
−1
i =
√
q
aij/2ej
KifjK
−1
i =
√
q
−aij/2fj
aii = 2 aij = −1 if j = i± 1
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eifj = δij
K2i −K−2i√
q−√q−1
eiej = ejei fifj = fjfi if i− j ≥ 2
e2i ej − 
√
q+√q−1eiejei + eje2i = 0 j = i± 1
f 2i fj − 
√
q+√q−1fifjfi + fjf 2i = 0 j = i± 1
2.1. For any λ  n we denote by Mλ the space spanned by the ﬂags
Fn = V0 ⊇ V1 ⊇ V2 · · · s.t. dimVd−1 − dimVd = λd.
Let us deﬁne a set of operators in between the Mλ for partitions λ of no
more than k steps.
On a given ﬂag f = V0 ⊇ V1 ⊇ V2 · · · ⊇ Vk for 0 < d ≤ k, ψdϕd act by
the formulas in 2.2 and 2.3.
2.2. ψdf  =
∑
f ′/f ′ = V0 ⊇ V1 ⊇ · · ·Vd−1 ⊇ V ′d ⊇ Vd+1 ⊇ · · · summed
over f ′ s.t. V ′d ⊂ Vd of codimension 1.
2.3. ϕdf  =
∑
f ′/f ′ = V0 ⊇ V1 ⊇ · · ·Vd−1 ⊇ V ′d ⊇ Vd+1 summed over
f ′ s.t. Vd ⊂ V ′d is of codimension 1.
2.4. We ﬁrst compute [ψdϕd], the commutator of ψd and ϕd,
ϕdψdf =
∑
f ′/f ′ = V0 ⊇ V1 · · · ⊇ Vd−1 ⊇ V ′d ⊇ Vd+1 ⊇ · · ·
s.t. dimV ′d = dimVd dimV ′d ∩ Vd ≥ dimVd − 1
=#f ′/Vd ⊂ V ′d of codimension 1f +
∑
f ′/ dimV ′d = dimVd
dimV ′d ∩ Vd = dimVd − 1
(2.4.1)
ψdϕdf  = #f ′/V ′d ⊂ Vd of codimension 1f +
∑
f ′/ dimV ′d
= dimVd and dimV ′d ∩ Vd = dimVd − 1
(2.4.2)
Hence ψdϕd − ϕdψd acts diagonally on the ﬂags. More precisely,
ψdϕdf =
(
q0
[
dimVd−1 − dimVd
dimVd + 1− dimVd
]
− q0
[
dimVd − dimVd+1
1
])
f
= q
λd − qλd+1
1− q f
We used Theorem 2.0 by substituting V1 = 0 V2 = Vd V = Vd−1W = V ′d
in 2.4.1. In 2.4.2, substitute V1 = 0 V2 = Vd+1 V = VdW = V ′d .
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2.5. To obtain the generators of Uqslk we change ψd → fd, ϕd →
ed as follows,
edf  =
√
1− q√√
q−√q−1
ϕd√
qλd
f  fdf  =
√
1− q√√
q−√q−1
ψdf √
qλd+1+1

One can check that
edfdf =
√
qλd−λd+1 −√qλd+1−λd
√
q−
√
q−1
f
2.5.1. Now deﬁne Kd to act on f ∈Mλ as follows,
Kdf  =
√
q
1/2λd−λd+1f
to easily get
2.5.2. Proposition. The operators edKd fd generate an epimorphic
image of Uqsl2.
The computations we have done (2.1–2.5.1) enable one to check that all
the q′ Serre relations are satisﬁed, except for those that appear in the last two
rows of the list. From 2.6 through 2.9.4 the last two rows are treated one by
one. We delete consistently the factor
√
1−q√√
q−
√
q−1
from the deﬁnition of e f in
the computations.
2.6. ed±1e
2
d − 
√
q+√q−1eded±1ed + e2ded±1 = 0.
First deal with ed+1.
We compute the action of each summand on arbitrary ﬂag f = V0 ⊇ V1 ⊇
V2 · · · separately,
eded+1edf =
(∑
f ′ summed over the ﬂags f ′ = V0 ⊇ V1
· · · ⊃ Vd−1 ⊇ V ′d ⊇ V ′d+1 ⊃ Vd+2 · · · s.t. Vd ⊆ V ′d
of codimension 2 and V ′d+1 ⊆ Vd
)[ 2
1
]
1
√
q2λd+λd+1
+
(∑
f ′ summed over all ﬂags as above
but V ′d+1Vd
) 1
√
q2λd+λd+1

(2.6.1)
The common factor 1√
q2λd+λd+1
comes from the factors appearing in the def-
initions of the e’s[
2
1
]
= #U ′/Vd−1 ⊇ U ⊃ U ′ ⊃ Vd where dimU = dimVd + 2
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This factor is relevant to the ﬁrst case only.
ed+1e
2
df =
(∑
f ′ summed over all the ﬂags V0 ⊇ · · ·Vd+1 ⊇ V ′d ⊇ V ′d+1
⊇ Vd+2 · · · s.t. dimV ′d = dimVd + 2
and dimV ′d+1 = dimVd+1 + 1
)
·
[
2
1
]
1
√
qλd+λd−1+λd+1+2[
2
1
]
=#U ′/Vd−1 ⊇ U ⊇ U ′ ⊇ Vd dimU = dimVd + 2
(2.6.2)
The other factor comes from the deﬁnition of the e’s.
2.6.3. Similarly
e2ded+1f =
(∑
f ′ summed over all the ﬂags V0⊇···Vd−1⊇V ′d
⊇V ′d+1⊃Vd+2 ··· s.t. dimV ′d=dimVd+2
and dimV ′d+1=dimVd+1+1
)
·
[
2
1
]
1
√
qλd+1+2λd−1

2.6.4. Let us compute the coefﬁcient of f ′ s.t. Vd ⊇ V ′d+1 when the rela-
tion acts on f .
Expression 2.6.1 contributes −[ 21 ] √q+√q−1√q2λd+λd+1 .
Expression 2.6.2 contributes
[ 2
1
] 1√
q2λd+λd+1+1
.
Expression 2.6.3 contributes
[ 2
1
] 1√
qλd+1+2λd−1
.
There the sum vanishes as desired.
2.6.5. For the coefﬁcient of f ′ s.t. Vd ⊃ V ′d+1 we have −
√
q+√q−1√
q2λd+λd+1
from
2.6.1, 1√
q2λd+λd+1+1
[ 2
1
]
from 2.6.2, and nothing from 2.6.3. Hence we have( q+1√
q2λd+λd+1+1
−
√
q+√q−1√
q2λd+λd+1
)
= 0.
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2.7. Now we will deal with ed−1,
eded−1edf =
(∑
f ′ summed over all ﬂags f ′ = V0 ⊇ · · ·Vd−2
⊇ V ′d−1 ⊇ V ′d ⊇ Vd+1 · · · s.t. dimV ′d = dimVd + 2
dimV ′d−1 = dimVd−1 + 1 and V ′d ⊆ Vd−1
)
·
[
2
1
]
1
√
q2λd+λd−1
+
(∑
f ′ summed over all the ﬂags as above
but V ′dVd−1
) 1
√
q2λd+λd−1
(2.7.1)
e2ded−1f =
(∑
f ′ summed over all the ﬂags f ′ s.t. dimV ′d
= dimVd + 2 dimV ′d−1 = dimVd−1 + 1
)
·
[
2
1
]
1
√
qλd−1+2λd+1
(2.7.2)
ed−1e
2
df =
(∑
f ′ summed over all the ﬂags as in 2.7.2 but
V ′d ⊆ Vd−1
)[ 2
1
]
1
√
q2λd−1+λd−1

(2.7.3)
The coefﬁcient of f ′ s.t. V ′d ⊆ Vd−1 is
−
[
2
1
]√
q+√q−1
√
q2λd+λd−1
+
[
2
1
]
1
√
qλd−1+2λd+1
+
[
2
1
]
1
√
q2λd−1+λd+1
= 0(2.7.4)
The coefﬁcient of f ′ s.t. V ′d ⊂ Vd−1 is
−
[√
q+
√
q−1
√
q2λd+λd−1
]
+
[
2
1
]
1
√
qλd−1+2λd+1
= 0
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2.8. Now we deal with the fd’s: fd±1f
2
d − 
√
q + √q−1fdfd±1fd +
f 2d fd±1 = 0. At the ﬁrst d − 1,
fdfd−1fdf ′=
(∑
f ′ summed over all ﬂags f ′ =V ′0 ⊇···Vd−2⊃V ′d−1
⊃V ′d⊇Vd+1 ···s.t. dimV ′d−1=dimVd−1−1
dimV ′d=dimVd−2 and Vd⊆V ′d−1
)
·
[
2
1
]
1
√
q2λd+1+3+λd
+
(∑
f ′ summed over all ﬂags as before but
VdV
′
d−1
) 1
√
q2λd+1+3+λd
(2.8.1)
fd−1f
2
d f =
(∑
f ′ summed over all the ﬂags f ′ = V0 ⊇ · · · ⊇ V ′d−1
⊇ V ′d ⊇ Vd+1 ⊇ · · · s.t. dimV ′d = dimVd − 2
and dimV ′d−1 = dimVd−1 − 1
)
·
[
2
1
]
1
√
q2λd+1+λd+4
(2.8.2)
f 2d fd−1f =
(∑
f ′ summed over all ﬂags as in 2.8.2,
but V ′d−1⊇Vd
)[2
1
]
1
√
qλd+1+2λd+1+1

(2.8.3)
2.8.4. Hence, the coefﬁcient of f ′ s.t. V ′d−1 ⊇ Vd is
−
[
2
1
] √
q+√q−1
√
q2λd+1+3+λd
+
[
2
1
]
1
√
q2λd+1+4+λd
+
[
2
1
]
1
√
qλd+2+2λd+1

−
√
q+
√
q−1√
q
+ 1
q
+1=−1− 1
q
+ 1
q
+1=0
2.8.5. The coefﬁcient of f ′ s.t. VdV
′
d−1 is
−
( √
q+√q−1
√
q2λd+1+3+λd
)
+ 1+ q√
q2λd+1+4+λd
= 0(2.8.5)
Hence it vanishes.
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2.9. We deal next with d + 1
fdfd+1fdf  =
(∑
f ′ summed over all the ﬂags f ′ = V0 ⊇ · · ·Vd−1 ⊇ V ′d
⊇ V ′d+1 ⊇ Vd+2 · · · s.t. dimV ′d = dimVd − 2 and
dimV ′d+1 = dimVd+1 − 1 and Vd+1 ⊆ V ′d
)
·
[
2
1
]
1
√
q2λd+1+3+λd+2
+
(∑
f ′ summed over all the ﬂags as
before but V ′d Vd+1
) 1
√
q2λd+1+3+λd+2
f 2d fd+1f =
(∑
f ′ summed over all the ﬂags f ′ = V0 ⊇ · · ·Vd−1
⊇ V ′d ⊇ V ′d+1 ⊇ Vd+2 ⊇ · · · s.t. dimV ′d = dimVd − 2
dimV ′d+1 = dimVd+1 − 1
)
·
[
2
1
]
1
√
qλd+2+4+2λd+1
(2.9.1)
fd+1f
2
d f =
(∑
f ′ summed over all the ﬂags as
in 2.9.1 but V ′d ⊇ Vd+1
)
·
[
2
1
]
1
√
q2λd+1+2+λd+2

(2.9.2)
2.9.3. The coefﬁcient of f ′ s.t. Vd+1 ⊆ V ′d is[
2
1
][
− 
√
q+√q−1
√
q2λd+1+3+λd+2
+ 1√
q2λd+1+2+λd+2
+ 1√
qλd+2+4+2λd+1
]

−√q+√q−1√
q
+ 1+ 1√
q2
= 0
2.9.4. The coefﬁcient of f ′ s.t. Vd+1 ⊂ V ′d is
−√q+
√
q−1
√
q2λd+1+3+λd+2
+ q+ 1√
q2λd+1+4+λd+2
 −√q+√q−1 + q+ 1√
q
= 0
2.10. We have already deﬁned an algebraic action of the specialized
quantum group Uqslk on the space of k step ﬂags of Fqn.
It is clear that the generators we deﬁned for this action commute with
the action of GLn q on this space. The double centralizer theorem can
be obtained in two ways. The ﬁrst one is by reading the “kernel intersec-
tion theorem” in [2, Chap. 13] as a statement that the space of highest
vectors of a given weight of Uqslk affords an irreducible module for
GLn q, at least in characteristic zero. This is to say that GLn q spans
the centralizer of Uqslk in its action on the k ﬂag spaces and hence
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vice versa. The more fundamental way is as follows. Denote by Fk the
space spanned by the k step ﬂags above . From Steinberg [1] we know
that HomGLn qFk ∼= HomsnV ⊗n, where V is a k-dimensional vector
space over .
By the Schur–Weyl theory, HomsnV
⊗n ∼=⊕λn Mdegλ summed over
λ’s of no more than k parts, where degλ is the dimension of the sim-
ple module of weight λ of slk. Hence we get HomGLn qFk ∼=⊕
λn Mdegλ. On the other hand, the homomorphic image of Uqslk
is isomorphic to
⊕
λn Mdeg′λ, where deg′λ is the dimension of the
Uqslk simple module of weight λ. But it is well known that for q as
in our treatment, deg′λ = degλ. Anyway we proved
2.11. Theorem. The actions of GLn q and Uqslk on the k-step
ﬂags of Fnq are centralized to each other.
3
In some examples transvections have, in GLn q, the status that
transpositions have in Sn [5]. In the action of slk on the tensors
V ⊗n dimV  = k, the action of the Casimir element coincides with that of
the sum of the transpositions, when Sn acts on V ⊗n with the Schur action.
With such knowledge, one can get an elegant formula for the character’s
value of a transposition in any irreducible representation of Sn.
We come to computing the element of Uqslk which coincides with
the sum of the transvections in their action on the ﬂag spaces. Such a
coincidence is ensured by the double centralizer theorem we proved, since
the transvections afford a conjugacy class. Hence their sum is central in the
group ring of GLn q.
We adopt the next deﬁnition of transvection.
3.0. Let ϕ be a non-trivial functional on Fn and α a non-trivial vector
in kerϕ. The transvection of ϕ and α τϕα, acts on Fn by the rule
τϕαv = v + ϕvα. Any transvection can be expressed in this way. (See
[5] or [6].)
In the following we ﬁx a ﬂag f = V0 ⊇ V1 ⊇ V2 · · ·.
In the next proposition we compute the image of f under the action of
the sum of all the transvections.
3.1. Proposition. (i) Let f = f ′ = τf for some transvection τϕα.
There exist i ≤ j such that f ′ = V0 ⊇ V1 ⊇ · · ·Vi−1 ⊇ V ′i ⊇ V ′i+1 · · · ⊇ V ′j ⊇
Vj+1 ⊇ · · · and V ′e ∩ Ve is of codimension 1 for i ≤ e ≤ j and Vi ⊃ V ′j .
(ii) For f ′ a ﬂag as above, the number of transvections τϕ′ α′ s.t.
τf  = f ′ is q− 1qn−2qdimVj−dimVi.
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(iii) The number of transvections τϕα s.t. τf  = f is ∑i>0λi ×
qn−dimVi−1qdimVi−1−1 − 1.
Proof. (i) We choose i = mine/Ve  α and j = maxe/Ve ⊂ kerϕ.
(ii) Let τϕα = τ be a transvection s.t. τf = f ′ and v ∈ Vj\V ′j .
1. τv ∈ V ′j \Vj since otherwise τv − v ∈ Vj ⇒ α ∈ Vj ⊆ Vi in con-
tradiction to (i) (see the proof of (i)); hence v /∈ kerϕ.
From now on ﬁx a vector v ∈ Vj\V ′j · τϕα s.t. τf = f ′ is determined
by the image of v in V ′j \Vj and by kerϕ.
2. kerϕ has to include Vi ∩ V ′i , otherwise kerϕ includes a vector
from Vi\V ′i and then τϕαVi = Vi = V ′i (see 1). So kerϕ includes Vi ∩
V ′i + Fα = Vi ∩ V ′i + Fv − τv, but does not include v. We remark that
dimVi ∩ V ′i  + Fv− τv = dimVi. On the other hand, a hyperplane that
satisﬁes these conditions can be chosen as kernel to such ϕ.
Now, in accounting the number of τϕα = τ s.t. τf = f ′ one has to
choose at ﬁrst a v’s image, say vˆ in V ′j \Vj . After this is done one can
choose kerϕ in qn−1−dimVi[ n−1−dimVi
n−1−dimVi
]
ways. (Substitute, in Theorem 2,
V1 = Fv V2 = Vi ∩ V ′i + Fvˆ − v.) since vˆ can be chosen among V ′j \Vj =
qdimVj−1q− 1 vectors we get (ii).
(iii) For any τϕα = τ s.t. τf = f exists a maximal i s.t. kerϕ ⊃ Vi
and α ∈ kerϕ ∩ Vi−1. From the maximality of i, dimkerϕ ∩ Vi−1 =
dimVi−1 − 1.
For any i, substituting, in Theorem 2, V1 = 0 V2 = Vim = dimVi−1 −
1 n = dimVi−1 yields
[ dimVi−1−dimVi
dimVi−1−1−dimVi
] = λi as the number of hyper-
planes in Vi−1 which include Vi. Substitute, in Corollary 2.1, n = nm = n−
1 c = dimVi−1 b = dimVi−1 − 1 to get
[ n−dimVi−1
n−1−dimVi−1−1
]
qn−dimVi−1 =
qn−dimVi−1 as the number of hyperplanes which intersect Vi−1 in the given
codimension 1 space. After kerϕ is chosen α can be chosen among
qdimvi−1−1 − 1 vectors. Together we get, for any i λiqdimVi−1−1 −
1 qn−dimVi−1 transvections that conserve f . These sets do not intersect
each other and we get (iii).
3.01. A full set of root vectors is needed. For any i ≤ j let us deﬁne
ψij ϕij recursively by the formulas
ψii = ψi ϕii = ϕi  see 22 and 23
ψi$+1 = ψi$ψ$+1 − ψ$+1ψi$
ϕi$+1 = ϕ$+1ϕi$ − ϕi$ϕ$+1
Remark. It is easy to check that ψij and ϕij are adjoint to each other
with respect to the scalar product in which the ﬂags are the vectors of an
orthonormal basis.
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Let us denote this form by "· ·#.
The next lemma expresses the operators ϕij ψij completely.
3.2. Lemma. (i) ϕijf  =
∑
f ′/f ′ = V0 ⊇ V1 ⊇ · · · ⊇ V ′i ⊇ · · · ⊇ V ′j ⊃
Vj+1 ⊇ · · · st Ve is a hyperplane of V ′e for i ≤ e ≤ j and V ′i = Vi + V ′j .
(ii) ψijϕijf =
∑
f ′ f
′"ϕijf ′ϕijf #=
∑
f ′g f
′"ϕijf g#"gϕijf ′#.
Proof. (i) can be checked in each step of the recursive deﬁnition of
ϕij .
(ii) is a corollary of the remark in 3.0.1 and the deﬁnition of ϕij .
3.3. Lemma. Let f ′ = V0 ⊇ V ′1 ⊇ V ′2 ⊇ V ′3 ⊇ · · · be a ﬂag s.t. f ′ = f
and "f ′ ψijϕijf # = 0. Let i ≤ e ≤ j s.t. V ′e = Ve. Then (i) V ′e′ = Ve′ for any
e ≥ e′ ≥ i and (ii) V ′e ⊂ Vi.
Proof. (i) Let g be a ﬂag s.t. "ϕijf  g#"gϕijf ′# = 0. Then g =
V0 ⊇ V1 ⊇ · · · ⊇ Vi−1 ⊇ Ui ⊇ · · · ⊇ Uj ⊇ Vj+1 ⊇ · · · s.t. Ue = Ve + Fv for
v ∈ Vi−1\Vi, for any i ≤ e ≤ j. Now Ve = V ′e ⇒ Ve + V ′e = Ue ⇒ Ve + V ′e 
v ⇒ v ∈ Ve′ + V ′e′ for any i ≤ e′ ≤ e ⇒ Ve′ = V ′e′ since v /∈ Ve′ for any
i ≤ e′ ⇒ Ve′ = V ′e′ .
(ii) Since Ve + V ′e = Ve + Fv and v /∈ Vi V ′e ⊂ Vi.
3.3.1. Corollary. By using the last lemma and Proposition 3.1, ψijϕijf 
is a sum of ﬂags f ′ s.t. f ′ = τf for some transvection τ.
We turn now to computing the action of ψijϕij on a ﬂag f = V0 ⊇ V1 ⊇
V2     i.e., computing each coefﬁcient in (ii) of Lemma 3.2.
Let us denote, for given ﬂags f , some subsets of ﬂags of f ’s type as
follows:
For given i ≤ j
Fij = f ′ = V0 ⊇ V1 ⊇ · · · ⊇ Vi−1 ⊇ V ′i ⊇ V ′i+1 ⊇ · · · ⊇ V ′j ⊇ Vj+1 ⊇ · · ·
st dimV ′e ∩ Ve = dimVe − 1 for i ≤ e ≤ j and V ′j ⊂ Vi
3.3.2. We remark that, from 3.3, ψijϕijf  is supported by ∪d≤jFid
and f .
3.4. Proposition. (i) For f ′ ∈ Fid i ≤ d < j "ϕijf ′ ϕijf # = q−1q
qdimVd−dimVj.
(ii) For f ′ ∈ Fij "ϕijf ′ ϕijf # = 1.
(iii) "ϕijf ϕijf # = λiqdimVi−dimVj.
We note that for q = 1 the expression in (i) vanishes. Indeed a contribu-
tion of this type does not appear in the action of the Casimir element of
Uslk. It makes (i) a bit difﬁcult to hold.
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Proof. (i) By (ii) of Lemma 3.2 one has to compute #g/"ϕijf g#
"gϕijf ′# = 1. For g to be accounted, one has to set the equality
g=V0⊇V1⊇···⊇Vi+V ′i ⊇···⊇Vd+V ′d⊇Ud+1⊇···⊇Uj⊇Vj+1⊇···
so that Vd + V ′d = Vd +Uj = V ′d +Uj dimUj = dimVj+ 1, and Vj ⊂ Uj
is of codimension 1. It says that Uj = Vj + Fα for α ∈ Vd + V ′d\Vd ∪ V ′d.
The number of choices of such Uj ’s is q− 1qdimVd−dimVj−1. We assumed
that Vd = Vj since otherwise there are no ﬂags in Fid, by deﬁnition.
(ii) For f ′ ∈ Fij Uj as in (i) has to be equal to Vj + V ′j so we have
no choice and the coefﬁcient is 1.
(iii) Return to Lemma 3.2(i); "ϕi jf  ϕijf # is the number of sum-
mands in ϕijf . Each summand f ′ is determined by expanding Vj to V ′j ⊆
Vi−1 so that dimV ′j  = dimVj + 1 and V ′j ∩ Vi = Vj . Substituting, in
Corollary 2.01, V1 = Vj % U = Vi % V = Vi−1 and m = dimVj + 1 yields
qdimVi−dimVjdimVj+1−dimVj
[−dimVi−1−dimVi
dimVj+1−dimVj
]
=λiqdimVi−dimVj
3.4.1. Corollary.
ψijϕijf  = f
(λiqdimVi−dimVj)+ q− 1q
∑
f ′∈Fid
i≤d<j
qdimVd−dimVjf ′ + ∑
f ′∈Fij
f ′
Let us denote by C the sum of all the transvections.
3.5. Theorem. C−q−1qn−2∑i≤j 1qk−j qdimVj−dimViψijϕijf=CλHqf ,
where CλHq is a rational expression in q.
Proof. Using 3.4.1 and 3.3.1 one has to check just ﬂags from Fid for
proving the diagonality of the action of the operator on the left-hand side.
We compute the coefﬁcient of f ′ ∈ Fid d ≥ i. First of all we note that no
f ′ ∈ Fid if Vd = Vd+1. Otherwise, by Proposition 3.1(ii), "Cf  f ′# = q −
1qn−2qdimVd−dimVi. The second contribution is more delicate to calculate.
By using Proposition 3.4(i) one gets −q − 1qn−2. ∑j>d 1qk−j q−1q ×
qdimVj−dimVi qdimVd−dimVj + 1
qk−d
qdimVd−dimVi = −q − 1 qn−2 ×
qdimVd−dimVi. We summed the geometric sequence in the last equal-
ity. We get that 3.5 acts diagonally on the ﬂags; to compute CλHq one has
to use 3.4(iii) and 3.1(iii).
3.6. Theorem. Let λ be a dominant weight, let τ be a transvection, and
let f = V0 ⊇ V1 ⊇ · · · be our ﬂag of type λ. Let χλ be the character of
GLn q in the irreducible module corresponding to λ named Sλ. Then
χλτ
χλI
τˆ = CλHq τˆ is the number of transvections in GLn q.
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Proof. Let v be the highest vector of type λ of Uqslk. By Theorem
3.5, C acts on v as CλHqv. On the other hand C as central element of
(GLn q acts on this irreducible module as the scalar χλττˆdim Sλ =
χλττˆ
χλI
.
3.7. Theorem. For two dominant weights tλ<λ′↔χλτ/χλI < χλ
′
τ/χ
λ′
I.
Proof. There exists a chain of dominant weights λ′ < λ1 < λ2 < · · · < λ
such that λi−1 is a non-trivial weight of the Uqslk′ irreducible module
of λi; thus let us assume λ′ is a non-trivial weight in the simple module
of λ.
Let v be a non-trivial vector of weight λ′
Cv =
(
Cλ
′
H q +
∑
i≤j
ψijϕij
q− 1qn−2
qk−j
(
qdimVj−dimVi
))
v = CλHqv
Now, the second summand in the middle expression acts scalarly on v and
the scalar is positive since ϕijψij is a nonnegative deﬁnite (see 3.01) and
v is not a highest vector. Hence, CλHq > Cλ
′
H q. (Compare with Chap. 6
of [4].)
The Sn’s version of this theorem appears in [7, p. 40].
For applications see also [5].
ACKNOWLEDGMENTS
The ideas appearing in this paper were revised after studying the explicit construction of
the unipotent representations of GLn q in the book of G. James. It was Arye Yakir who
encouraged me to pursue this area of study due to his deep interest in the ﬁeld, and I thank
him for this.
REFERENCES
1. R. Steinberg, A geometric approach to the representations of the full linear group over a
Galois ﬁeld, Trans. Amer. Math. Soc. 71 (1951).
2. G. D. James, “Representations of General Linear Groups,” London Mathematical Society
Lecture Note Series, Vol. 94, Cambridge Univ. Press, Cambridge, UK.
3. A. A. Beilinson, G. Lusztig, and R. Macpherson, A geometric setting for the quantum
deformation of GLn, Duke Math. J. 61 (1990), 655–677.
4. G. Lusztig, “Introduction to Quantum Groups,” Birkhauser Boston, Cambridge, MA,
1993.
5. M. Hildebrand, Generating random elements in SLnFq by random transvections, J. Alge-
braic Combin. 1, No. 2 (1991).
6. E. Artin, “Geometric Algebra,” Interscience, New York, 1957.
7. Persi Diaconis, “Group Representations in Probability and Statistics,” IMS Lecture Notes,
vol. 11, Hayward, CA, 10188.
